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Finite size scaling in the two-dimensionalXY model and generalized universality
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In recent workg S. T. Bramwell, P. C. W. Holdsworth, and J.-F. Pinton, Natiirendon 396, 552(1998);
S. T. Bramwellet al,, Phys. Rev. Lett84, 3744(2000], a generalized universality has been proposed, linking
phenomena as dissimilar as two-dimensiof2iD) magnetism and turbulence. To test these ideas, we per-
formed Monte Carlo simulations of the 2BY model. We found that the shape of the probability distribution
function for the magnetizatioM is non-Gaussian and independent of the system size—in the range of the
lattice sizes studied—below the Kosterlitz-Thoules temperature. However, our results suggest that in the full
2D XY model the shape of these distributions has a slight dependence on temperature—for finite volume—
below the lattice-shifted critical temperatufé (L). This behavior can be explained by using renormalization
group arguments and an extended finite-size scaling analysis, and by the existence of bolvhds for
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[. INTRODUCTION containing fewer than 100 spingHowever, we found that
the shape of these distributions does depend on the tempera-

The study of critical phenomena is of great interest noture, belowT* (L). In addition, we performed simulations of
only because it allows the understanding of a large numbethe 2DH XY model and did not find a temperature depen-
of very different physical systems, like superfluid helium I1l, dence in the PDFs.
low temperature superconductors, ferromagnetic- Recently, a result was reported in RES], where the full
paramagnetic systems, turbulent fluids and plasmas, poly<Y model was simulated for systems of up t&&pins. The
mers, snowflakes, and earthquakes, but also due to the exigain result is that, as the system size gets larger, the PDF
tence of scale independence of the fluctuations at the critic@pproaches the universal curve of BHP. We performed a
temperature. In fact, although the underlying intermoleculaMonte Carlo(MC) simulation with the 2DXY model for
forces responsible for the existence of phase transitions havattice sizesL=10,16,32,64, and 100 anti=0.7 to study
a well-defined length scale, the structures they give rise to dthis subject. Our preliminary results appear to confirm this
not. This leads to the power-law behavior of physical quan<claim.
tities, very close to the critical temperature, which character- In the preliminary version of this work6], we reported
izes universality. The main challenge of the theory of criticalsystematic deviations in the tails of the PDF for finite sys-
phenomena is to explain how dissimilar systems exhibit théems. This fact was acknowledged[B p. 9. These authors
same critical behavior. Renewed interest in this subject hagrgue that “we can only expect agreement between the ana-
been raised because in a seminal pap¢Bramwell, Hold-  lytic result and the simulation in the range of temperature
sworth, and PintonBHP) argued that turbulence experi- sufficiently belowTgkt such that vortex pairs do not influ-
ments can be explained in terms of a self-similar structure oénce the PDH4].” However, according to the arguments
fluctuations, just as in a finite critical system like the har-explained in Refs[1] and[4], this condition should be sat-
monic finite two-dimensional2D) XY model (2DH XY isfied below the lattice-shifted temperatdrg(L), where our
mode). The starting point of this conjecture was the obser-simulations were made.
vation that the probability distribution functid®DF of the Our motivation to study the full 2IXY model was two-
injected power fluctuations in a confined shear turbulent flowfold. First of all, as was established by renormalization group
[2] has the same shape as the PDF of the magnetization studies of Joset al. [7], the low temperature properties of
the 2DH XY model. It was also proposed that this analogythe full 2D XY model are controlled by the Gaussian fixed
should provide an application of finite-size scaling in critical point, and therefore it should be expected that the Villain
systems with experimental consequences. type model studied in Ref$l] and[4], the 2D XY model,

In this paper, we report the results of a high precisionshould capture the critical properties of the full model below
Monte Carlo study of the full 2IXY model. This computa- Tgkr. Nevertheless, that result holds only for the infinite
tion was carried out over the whole physical range of temvolume system. It is therefore not cleampriori how impor-
peratures. The magnetic susceptibility was computed and thiant the finite volume corrections are to the renormalization
lattice-shifted critical temperature was obtained for differentgroup equations and how slow is the flow toward the fixed
lattice sizes. Scaling laws for the magnetization-temperaturpoint (for instance, there are logarithmic corrections in the
ratio were tested. Our results agree with the rigorous findingkattice size[8]). In this sense, the deviations in the shape of
of Chung[3]. We also found that, below the Berezinskii- the PDFs between the 2RY model and the 2DEKY model
Kosterlitz-Thouless temperatuligsk+, the shape of the PDF can be understood as a finite volume effect. Second, the gen-
of the magnetization is non-Gaussian and independent of theral claim of Ref[1] is that the universal shape of the PDF
lattice size, in agreement with previous resulg. (They  for different equilibrium and nonequilibrium systems, such
also observed corrections to universality for smaller systemas a coupled planar rotator, Ising and percolation models,

1063-651X/2002/6€)/0261085)/$20.00 66 026108-1 ©2002 The American Physical Society



G. PALMA, T. MEYER, AND R. LABBE PHYSICAL REVIEW E 66, 026108 (2002

models of forest fires, sand piles, avalanches, and granular § g g g g ; T
media in a self-organized critical state, is a consequence of : : 5 ' 5 :
the properties they share: finite size, strong correlations, and

self-similarity. This is the case for the 2RY model in the 4
low temperature region, which has infinite correlation length
in the thermodynamic limit in the whole range below the

critical temperaturé gy - _‘? 3
The universality proposed by BHP might go beyond the =

idea of equivalence classes in Wilson's renormalization @

group approach9], by including into a generalized univer- é’ 2

sality class systems sharing the properties of finite size,
strong correlations, and self-similarity, even if their dimen-
sions are different.

In [4], the two-dimensional probability distribution for the

e : ' ; !
magnetization is calculated by means of a Monte Carlo simu- Lottt * Mk S
lation in the context of the 2DEXY model. This model is a % 05 1 L5 2 25 3
further simplification of the Villain mode[10], where the T

vortex variablen is not a thermodynamical quantity, but is

constrained to the values= —1,0,1. By using diagrammatic FIG. 1. Susceptibility fot. = 16 in the range & T<3. The peak
techniques, the authors of Rg4] showed that this asymme- at 1.15 corresponds to the shifted critical temperature. Notice that in
try in the PDF could be the result of three-spin interactiongall of the figures the axis variables are dimension(ese text fol-
and higher order corrections. lowing Eq. (1)].

II. NUMERICAL SIMULATIONS wherexai is the value ofX in the configurationy; at theith

) ) ] step along the MC path through the configuration space, and
Here, we consider the 2IXY model, which describes ¢ averagg- - - ) was taken over this particular path of con-
classical planar spins with nearest neighbor interactions, W'thgurations separated by steps from each othe€(K)=1
a Hamiltonian given by for K=0, but for large enougK,C(K) drops to zero, which
means that these configurations become totally uncorrelated.
H= —JE cog 6,— 6;), ) We chooseK so thatC(K) is less that the recommended
@) value 0.05[15]. It is well known that, as a critical system
i ) i approaches the critical temperature, the decorrelation time
whereJ is the ferromagnetic coupling conste}nt amds the diverges with the power law~ &%, where ¢ is the (diver-
angle of orientation of the unitary spin vectsr. The sum-  genp correlation length of the system amds known as the
mation(i,j) is over nearest neighbors and the spins are dedynamical critical exponent, which is approximately 2 for
fined on the sites of a square lattice of lattice sizewith  |ocal-flip algorithms like the Metropolis algorithm. This phe-
periodic boundary conditions. From here on the r&fjéJ is  nomenon is known as critical slowing doh6]. This means
set equal to unity throughout the paper. This model underin practice a serious limitation on numerical simulations of
goes a remarkable binding-unbinding topological phase trareritical systems close to a critical point.
sition, such that the free energy and all its derivatives remain
continuoug 11], and no long-range order at low temperatures
exists, as stated by the Mermin-Wagner theofé®]. This
model has been extensively studied through both numerical |n Fig. 1 we show MC data for the susceptibility fof
and analytical methods 3]. =256 spins, as a function of the temperature. The peak oc-
Our simulation was performed on a square lattice of sizeyrs at the valud c(16)=1.15, and corresponds to the tem-
L=10, 12, 16, 22, and 32 respectively. We estimate the MGerature at which the correlation length equiaJswhich is
sweeps needed for thermalization by plotting some observhe standard definition of the critical temperature of a finite
ables like magnetization and energy. Typically>1BIC  system. We compute also the errgstandard deviations
sweeps were used to reach thermal equilibrium. For thermalhich become larger as the critical temperature is ap-
averages we used>510° spin configurationsy;. Because proached. Another interesting feature of these errors is that
the 2D XY model has a continuous line of critical points they are larger below . This can probably be explained
below Tgkr, Special care was taken to choose statisticallypbecause of the comparatively larger correlation lengths in
independent configurations to evaluate thermal averages @his region, which corresponds to a continuous line of critical
physical observableX. This was achieved by computing its points with a temperature dependent expon@(n'[) [17] in

III. RESULTS AND DISCUSSION

normalized autocorrelation functiqi4] the infinite volume limit.
We computed the critical temperature for the lattice sizes
(XaXap o~ (Xa ) (KXa, , ) L=10, 12, 16, 22, 32. FoL=32 we found an effective
C(K)= > 5 (2)  transition temperatur&.=1.08, in agreement with the value
<X“i>_<xai> obtained in[18], where the linearized renormalization group
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FIG. 2. The shifted critical temperature for different lattice sizes |G 4. Plots ofeQ(M) vs (M —(M))/o at T=0.70 for lattice
is plotted as a function of the system size. sizesL=16 (O) andL=32 (*).

(RG) equations for the finite size scaling were used. Figure 2 |, Refs.[1,4] there are two temperatures that play a cen-
showsT¢(L) as a function of In(L)] 2. The values can be 5| role, T*(L) and T,(L), whereL is the system size.
described by the finite-size scaling formy T.(L) is the temperature at which the correlation length
equalsL, and corresponds to the standard definition of the
critical temperature for a systerm*(L) is the shiftedTgkt
Te(L)~Te+ 4c(InL)?’ 3 temperature in the sense that at this temperature the vortex
distribution renormalizes in a self-similar manner on length
scales up td.. This is determined by Monte Carlo simula-
tions as the temperature where the scaling relation for the
magnetizationlM)~L ~#/” is satisfied by using the mean-
field approximation forTgxrt~ /2 (this is the temperature
where the renormalized spin-wave stiffness in the infinite
system takes the universal valuer®/ (M)=(1/CL?)(110),
whereC=1.8456(see Refs[3] and[4]). This definition is
evertheless not rigorous because it uses the BKT theory
eyond its confirmed validity3,17]. In fact, according to
ardy[19], the scaling relations of the infinite volume sys-
em are valid only in a narrow temperature window (
—Tekn)/Tekr<102.
In Fig. 4 a plot of cQ(M) as a function of M

2

whereT.,, is the extrapolated value of the critical temperature
for infinite volume. Within a few percents, of error, we found
that the value ofT,, agrees with the seemingly exact value
0.892 of the critical temperatur€gyt of the Berezinskii-
Kosterlitz-ThoulesgBKT) phase transition.

The ratio of the mean magnetization to critical tempera
ture is plotted in Fig. 3 as a function of I These values
are compatible with a negative straight line, as suggested i
[4] in the context of the harmoniXY model. The values
closer to the origin have larger statistical errors, due probabl
to finite-size effects, which are proportional tollp(3,8].

b —(M))/o can be seen, for lattice sizés=16 andL =232 at
-0.65 . the same temperaturé=0.70. Here,Q is the PDF ofM.
These curves have similar shapes to those found in turbu-
0.70F 1 lence experiments, but only within a reduced range of tem-
= onsh | peratures belowTgyr. These PDFs can be conveniently
,;\ . compared b(wig] the universal form TI(y)
=--080f . =K(eP~9-"""\a nroposed in1], by plotting the ratio
- e aQ(M;T)/TI(M) vs (M—(M))/a.
0851 i In Fig. 5, seven such curves, successively shifted by fac-
oot i tors of 10 to separate them, are displayedlfer16 andT
=0.40,0.80,0.90,0.93,0.95,1.00, and 1.05. Since(16)
095 AN =0.94, the first four values are beloW . From the lower
four curves of this plot it can be seen that whéns in-
22 24 26 Y 3 32 34 36 creased these ratios change consistently, showing the depen-

dence ofQ(M;T) on the temperature. Despite the fact that
our results could be affected by statistical effects, the devia-

FIG. 3. Scaling relation for the magnetization-temperature ratictions of the PDFs from the BHP distribution display a sys-
as a function of system size. tematic trend belowl* (L). This is a good reason to believe

In(L)
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: ; : : ; ; tion group transformations, and hence the physics of the sys-
; : : i i : : : i tem is the same along the renormalized trajectory.

In the XY model, the renormalization group trajectories
flow into the Gaussian line of fixed points, at some particular
value of the couplind<(<c), which is called the stiffness and
depends on the temperatytE7]. It turns out that the multi-
spin interaction terms appearing in the action are irrelevant at
the Gaussian fixed point, and therefore the low temperature
properties of the model are controlled by this Gaussian fixed
point.

Nevertheless, for finite volume the correspondence be-
tween the starting action and the fixed point action is a
highly nontrivial problem because it amounts to computing
exactly the rather involved renormalized trajectory and the
corresponding renormalization constants, which have a cum-
bersome dependence on the temperature. We believe that the
existence of these temperature-dependent renormalization
constants is responsible for the deviations in the shape of the
PDFs between the 2BY model and the 2DEKY model at
finite volume. With the above arguments in mind we now
consider the discussion of the dependence of the PDF on the
order parameter close to a single critical pd@irtL, made by

FIG. 5. ¢Q(M)/II(M) ratios for seven values of temperature. Binder in the context of the Ising modg20]. He argued that
The dashed curves correspond to the 2RM model (see text the PDF does not depend separately on the three variables

¢,L,M, but only on the two scaled combinatiohgé and
that these effects are not artifacts of the simulations. Thé &':
rightmost part of these curves is raised, probably due in part
to the upper boundl=1. Note that temperature effects are BV slv
not observed in our results for th®2 XY model, as can be PL(M)=&""P(LIE,METY)
seen in the four dashed curves in Fig. 5, at temperatures =LA"P(LIEMLAY). ()
below T*.

Above T* the departures of the PDF from the universal
BHP curve are even more pronounced, but this is not in This expression, based on phenomenological renormaliza-
conflict with the BHP results, because here the population ofion, is useful to study finite-size scaling. He also argued that
spin vortex pairs begins to increase. This happens becaus® the critical regioné>L P (M) is no longer Gaussian. In
the system volume occupied by these vortices no longer corthe scaling region, it is a good approximation to tékg M)
tributes to the magnetization, which leads to a depleted probequal to the PDF proposed by Bramwellal. [ The standard
ability density. This can be appreciated in the central andleviationo plays the role oL ~#'” in the BHP distribution;
rightmost parts of the two upper curves. this can be seen by using the standard definitions of the

The peaks are due to the bounds in the magnetization 6ritical exponents and the relatian= \/(T/L%y .] This ex-
<M<1. At T=1.05 this effect is greatly enhanced, and thepresion was already used in the first paper of [R&fto drop
leftmost part of the curve shows even more clearly the effecthe L/¢ dependence in the PDF in the low temperature re-
of the lower boundV =0. Concerning turbulent flows, we gime. An important point to notice here is that Binder’s ex-
do not expect this type of bounding effect in the statistics ofpression should be valid only in the neighborhood of a single
injected power. In principle, there are no limits to the fluc- critical point, as originally proposed by Binder. In spite of
tuations of such a quantity, and negative values are not exhis fact, and considering that from the point of view of
cluded, meaning that the flow is delivering power to the driv-quantum field theory the PDF corresponds to the exponential
ing system. Although this type of event is expected to beof minus the constraint effective potentf@l], the tempera-
very unlikely, they are not forbidden. ture dependence of the renormalized coupling constants for

We believe that in the full 2DXY model the temperature finite volume mentioned in the discussion above leads there-
dependence of the PDF is not really a surprising result. Théore to aT dependence of Binder’s expression.
deviations in the shape of the PDFs between the XD To ensure the validity of our conclusions in the range of
model and the 2DHKY model for finite volume can be un- temperatures below* (L), we repeated our simulations in-
derstood by using the RG theory as follows. Let us considecreasing the number of MC configurations fronx 50° to
the action represented by a point in the infinite dimensionall0’ to obtain thermal averages, and noticed no significant
space of couplings corresponding to multispin interactionschanges in the results. As the sensitivity of PDFs is weak in
Repeated RG transformations move this point in the space dhe region of interest, i.e., their wings, we have chosen to
coupling constants, which generates the renormalized traje@lot the skewness and kurtosis versus the temperature of
tory. The partition function is invariant under renormaliza- these distributions, as suggested by Chapetaal. [22], in
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04 ! ! [ ! ! ! ! 46 determination of the precise effect of the temperature on
: : : : : : : these distributions is the object of ongoing analytic and nu-
merical work.

44
IV. CONCLUSIONS

% In conclusion, we found that the probability distribution
42 g function of the magnetization in the 2RY model is inde-

¥  pendent of the system size—in the range of the lattice sizes
studied—Dbut its shape displays a slight but systematic tem-
perature dependence beld (L). This temperature depen-

Skewness

40 dence can be explained by using RG arguments for finite-
volume system§see discussion above Ed)]. Additionally,
there is a contribution coming from the constrained character

38 of the magnetization.

03
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